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GENERALIZATION OF ONE POLETSKII LEMMA TO CLASSES OF SPACE MAPPINGS
E. A. Sevost’yanov UDC 517.5
The paper is devoted to investigations in the field of space mappings. We prove that open discrete map-
pings f ∈ W 1,nloc such that their outer dilatation KO(x, f) belongs to Ln−1loc and the measure of the
set Bf of branching points of f is equal to zero have finite length distortion. In other words, the im-
ages of almost all curves γ in the domain D under the considered mappings f : D → Rn, n ≥ 2,
are locally rectifiable, f possesses the (N)-property with respect to length on γ , and, furthermore, the
(N)-property also holds in the inverse direction for liftings of curves. The results obtained generalize the
well-known Poletskii lemma proved for quasiregular mappings.
1. Introduction
In one of his works, Poletskii obtained an interesting (and, in our opinion, very important) result (see Lemma 6
in [1, p. 266]). Let f : D → Rn, n ≥ 2, be a quasiregular mapping defined in a domain D in Rn. Then, for
almost all curves γ∗ ∈ f(D), a curve γ such that f ◦ γ = γ∗ is absolutely continuous. Note that this property
is also called the ACP−1-property of the mapping f. In other words, we speak of the absolute continuity of the
mapping f on almost all curves in the “inverse direction,” i.e., the preimages of curves under the mapping f are
absolutely continuous. Below, we specify the meaning of the words “for almost all curves.”
The ACP−1-property is, in fact, a part of the definition of mappings with finite length distortion introduced
in 2002 in [2]. We present several informal introductory notions for this class. A mapping f : D → Rn is
called a mapping with finite metric distortion if f possesses the Luzin (N)-property and distorts the distance
between points by a finite factor almost everywhere. One of the criteria for a mapping f to belong to this class is
the fact that the mapping is differentiable almost everywhere and possesses the (N)- and (N−1)-properties (see
Corollary 3.14 in [2]). A mapping f : D → Rn is called a mapping with finite length distortion if f is a mapping
with finite metric distortion possessing the (L)-property, i.e., first, the images of almost all curves γ in D are
locally rectifiable and f possesses the (N)-property with respect to length on γ, and, second, the (N)-property
also holds in the inverse direction for liftings of curves.
We briefly describe the statement of the problem and the aim of our investigation. For a mapping f : D → Rn
that has partial derivatives almost everywhere in D, we denote by f ′(x) the Jacobian matrix of f at a point x
and by J(x, f) the Jacobian of f at the point x, i.e., the determinant of f ′(x). In what follows,
‖f ′(x)‖ = max
h∈Rn\{0}
|f ′(x)h|
|h| .
The outer dilatation of a mapping f at a point x is defined as follows:
KO(x, f) =
‖f ′(x)‖n
|J(x, f)| if J(x, f) = 0,
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KO(x, f) = 1 if f ′(x) = 0, and KO(x, f) = ∞ at the other points. Let
l
(
f ′(x)
)
= min
h∈Rn\{0}
|f ′(x)h|
|h| .
Recall that the inner dilatation of a mapping f at a point x is defined as follows:
KI(x, f) =
|J(x, f)|
l (f ′(x))n
if J(x, f) = 0,
KI(x, f) = 1 if f ′(x) = 0, and KI(x, f) = ∞ at the other points.
The main aim of the present paper is to describe the relationship between mappings of the Sobolev class and
mappings with finite length distortion. In fact, this relationship was noted (without proof) in [2] (see Remark 4.10).
Somewhat later, it was proved in [3]. However, the method used for its proof is very complicated, and, more-
over, many results were proved by using a priori conditions (see Theorems 2.1 and 4.1 and Corollary 4.1 in [3]).
The proof presented below (Theorem 1) is based on the Poletskii method and is simpler and, in a sense, fairly
mathematically rigorous.
Note that the most important factor that determines the indicated relationship is the proof of the ACP−1-
property because the other characteristics of mappings with finite length distortion in the definition of this class can
be fairly easily obtained. In particular, we use known facts from the theory of representations obtained in [4–10]
and the approach used in [1].
2. Definitions and Auxiliary Remarks
In what follows, D is a domain in Rn, n ≥ 2, and B(x0, r) = {x ∈ Rn : |x− x0| < r} . A mapping
f : D → Rn is called discrete if the preimage f−1 (y) of every point y ∈ Rn consists of isolated points and open
if the image of any open set U ⊆ D is an open set in Rn. The notation f : D → Rn means that the mapping f
is continuous. The notation G  D means that G is a compact subset of the domain D. We also assume that
the mapping f preserves orientation if the topological index µ(y, f,G) > 0 for an arbitrary domain G  D and
arbitrary y ∈ f(G)\f(∂G) (see, e.g., [11]). Let Bf , Bf ⊂ D, denote the set of branch points of the mapping f,
i.e., x0 ∈ Bf if and only if f is not a homeomorphism in any neighborhood of the point x0. For a set A ⊂ Rn,
its Lebesgue measure in Rn is denoted by |A|. A domain G ⊂ D such that G  D is called a normal domain of
a mapping f if ∂fG = f∂G. A neighborhood U of a point x0 is called a normal neighborhood of a mapping
f if U is a normal domain of f. Let f : D → Rn be an arbitrary mapping and let there exist a domain G  D
such that G ∩ f−1 (f(x)) = {x} . Then the value µ (f(x), f,G), which is called the local topological index,
does not depend on the choice of the domain G and is denoted by i(x, f). Let V ⊂ D be a normal domain, let
y ∈ f(V ), and let {xk} = f−1(y) ∩ V. Then the function
µ(y, f, V ) = µ(f, V ) =
∑
k
i(xk, f)
is constant in f(V ) for an arbitrary open discrete mapping f : D → Rn (see Sec. 4, Chap. I in [12, p. 18]). Let
f : D → Rn be an open discrete mapping, let U ′ ⊂ D be a normal domain, and let µ(f, U ′) = m. A curve γ∗
is called solvable if there exist m curves γk ⊂ U ′ such that f ◦ γk = γ∗ for all k = 1, . . . ,m, and, furthermore,
γi ∩ γj ⊂ Bf and
⋃m
i=1 γi = f
−1(γ) ∩ U ′ (see Sec. 2 in [1]). Recall that a Borel function ρ : Rn → [0,∞] is
called admissible for a family Γ of curves γ in Rn if
GENERALIZATION OF ONE POLETSKII LEMMA TO CLASSES OF SPACE MAPPINGS 1153
∫
γ
ρ(x) ds ≥ 1
for all paths γ ∈ Γ. In this case, we write ρ ∈ admΓ. The modulus of a family of curves Γ is defined as follows:
M(Γ) = inf
ρ∈admΓ
∫
D
ρn(x) dm(x),
where m(x) is the Lebesgue measure in Rn.
Let Q : D → [1,∞] be Lebesgue-measurable and let Rn = Rn ∪ {∞}. We say that f : D → Rn is a
Q-mapping if
M(fΓ) ≤
∫
D
Q(x)ρn(x) dm(x) (1)
for any family Γ of paths γ in D and every admissible function ρ ∈ admΓ [2]. Inequality (1) was established in
[13] for quasiconformal mappings with Q = KI(x, f), where KI(x, f) is the inner dilatation of f at a point x.
Let x ∈ E ⊂ Rn and ϕ : E → Rn. We set
L (x, ϕ) = lim sup
y→x,y∈E
|ϕ (x)− ϕ (y) |
|y − x| , l (x, ϕ) = lim infy→x,y∈E
|ϕ (x)− ϕ (y) |
|y − x| .
A mapping f : D → Rn is called a mapping with finite metric distortion (f ∈ FMD) if f possesses the Luzin
(N)-property and, for almost all x ∈ D, one has
0 < l (x, f) ≤ L (x, f) < ∞.
We say that a mapping f : X → Y between spaces with measure (X,Σ, µ) and (X ′,Σ′, µ′) possesses the (N)-
property if µ′ (f(S)) = 0 whenever µ(S) = 0. By analogy, f possesses the (N−1)-property if µ(S) = 0
whenever µ′ (f(S)) = 0. Let ∆ ⊆ R be an open interval of the number axis and let γ : ∆ → Rn be a locally
rectifiable curve. Then there exists a unique nondecreasing function of length lγ : ∆ → ∆γ ⊆ R with condition
lγ(t0) = 0, t0 ∈ ∆, such that lγ(t) is equal to the length of the subcurve γ |[t0,t] of the curve γ if t > t0
and to −l (γ |[t,t0]) if t < t0, t ∈ ∆. Let g : |γ| → Rn be a continuous mapping, where |γ| = γ(∆) ⊆ Rn.
Assume that the curve γ˜ = g ◦ γ is also locally rectifiable. Then there exists a unique nondecreasing function
Lγ,g : ∆γ → ∆γ˜ such that Lγ,g (lγ(t)) = lγ˜(t) ∀t ∈ ∆. We say that a mapping f : D → Rn possesses the
(L)-property if the following conditions are satisfied:
(L1) for almost all curves γ ∈ D, the curve γ˜ = f ◦ γ is locally rectifiable and the function Lγ,f possesses
the (N)-property;
(L2) for almost all curves γ˜ ∈ f (D), every (complete) lifting γ of the curve γ˜ is locally rectifiable and the
function Lγ,f possesses the
(
N−1
)
-property.
A curve γ ∈ D is called a complete lifting of a curve γ˜ ∈ Rn under a mapping f : D → Rn if γ˜ = f ◦γ. We
say that almost all curves of a domain D possess a certain property if all curves lying in D with the exception of a
certain family of them whose modulus is equal to zero possess this property. We say that a mapping f : D → Rn,
n ≥ 2, is a mapping with finite length distortion (f ∈ FLD) if f ∈ FMD and f possesses the (L)-property.
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According to Remark 4.1 in [2], the ACP -property, i.e., the absolute continuity of the function Lγ,f on all
closed intervals ∆γ for almost all curves γ in D, follows from the (L)-property. We say that a mapping f : D →
R
n possesses the ACP−1-property if the function L−1γ,f is absolutely continuous on the closed subintervals ∆γ˜
for almost all curves γ˜ in f(D) and every lifting γ of the curve γ˜. It is known that a mapping f possesses the
(L)-property if and only if f ∈ ACP ∩ACP−1 (see Proposition 4.3 in [2]).
Note that mappings with finite length distortion are Q-mappings with Q = KI(x, f) (see Theorem 6.10 in
[2]). Let I = [a, b]. For a given curve γ : I → Rn, we define a function of length S(t) according to the rule
S(t) = S
(
γ, γ[a, t]
)
, where S(γ,A) denotes the length of the curve γ|A. Let B ⊂ I. Then S(γ(B)) denotes
the measure of the range of values of the function S(t) on the set B.
Let E be a set in Rn and let γ : ∆ → Rn be a certain locally rectifiable curve. Denote γ ∩E = γ (∆)∩E.
Then
l (γ ∩ E) = mes1(Eγ),
where
Eγ = lγ
(
γ−1 (E)
)
.
Here, mes1(A) denotes the length of the set A ⊂ R and the function lγ : ∆ → ∆γ is defined above. Note that
Eγ = γ−10 (E),
where γ0 : ∆γ → Rn is a natural parametrization of the curve γ, and
l (γ ∩ E) =
∫
∆
χE (γ(t)) ds =
∫
∆γ
χEγ (s)ds.
Proposition 1. Let γ1 : I = [0, l] → Rn be a rectifiable curve and let B = B ⊂ I, S(γ1, B) = 0. Also
assume that the curve γ2 : I → Rn is rectifiable on I \ B and γ1(t) = γ2(t) for t ∈ B. Then the curve γ2 is
also rectifiable and S(γ2, B) = 0 (see Lemma 1 in [1]).
Proposition 2. Let γ : I = [0, l] → Rn be a curve, let B = B ⊂ I, and let a set E ⊂ I be such that
E ⊂ E ∪ B and E ∩ B = ∅. If γ is rectifiable on I \ (E ∪ B), for any point t ∈ I \ B there exists a
neighborhood V in which γ is rectifiable, and S(γ, V ) = S(γ, V \ E), then γ is rectifiable on I \ B and
S(γ, I \B) = S (γ, I \ (E ∪B)) (see Lemma 2 in [1]).
Proposition 3. Let γ : I → Rn be a rectifiable curve. If S(γ,B) = 0 for any set B ⊂ I whenever
mes1(B) = 0, then the function S(t) is absolutely continuous (see Lemma 3 in [1]).
Proposition 4. Let f : D → Rn be an open discrete mapping, let U ′  D be a normal domain, let γ∗ be a
rectifiable Jordan curve in f (U ′) , and let l ((γ∗ ∩ f(Bf ))) = 0. Then γ∗ is solvable.
Proof. We omit the proof of Proposition 4 because it repeats the proof of Lemma 4 in [1] word for word with
the properties of quasiregular mappings replaced by the general properties of open discrete mappings.
Let V  D be a normal domain and let f(V ) = V ∗. We define a mapping gV : V ∗ → Rn as follows: Let
y ∈ V ∗, f−1(y) ∩ V = {xi}. Then
gV (y) =
1
m
∑
i
i(xi, f)xi,
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where
m =
∑
i(xi, f) = µ(f, V ).
Proposition 5. Let f : D → Rn be an open discrete mapping of the class W 1,nloc (D) for which KO(x, f) ∈
Ln−1loc and |Bf | = 0. Then gV (y) is continuous in V ∗ and gV (y) ∈ ACLn(V ∗) (see Theorem 2.1 in [3]).
3. Formulation and Proof of the Main Result
Theorem 1. Let f : D → Rn be an open discrete mapping of the class W 1,nloc (D) for which either
KO(x, f) ∈ Ln−1loc or KI(x, f) ∈ L1loc and |Bf | = 0. Then f is a mapping with finite length distortion.
Proof. Step 1. Since the mapping f is open in D and belongs to the class W 1,nloc (D), we conclude that f
is differentiable almost everywhere (see Theorem 4 in [9, p. 331]) and possesses the (N)-property (see [5]). Also
note that f possesses the
(
N−1
)
-property (see Theorem 1.2 in [8]). Since f ∈ W 1,nloc , we have f ∈ ACP (see
Sec. 28.2 in [10]).
Step 2. Let us show that f ∈ ACP−1. The method of the proof is based on the approach given in [1] (see
Lemma 6). Prior to the proof, we make several remarks. Let Γ be a family of curves in D and let Γ∗ = f(Γ).
Without loss of generality, we can assume that all curves γ∗ of the family Γ∗ are rectifiable. Let s∗ be a natural
parameter on γ∗ and let γ∗ = f(γ(t)). Since the function s∗(t) is strictly monotone and continuous, there exists
the inverse function t(s∗), which is also strongly monotone and continuous. Thus, we can consider the parameter
s∗ on γ. In what follows, we assume that all curves of the families Γ and Γ∗ are parametrized in this way. Let
f satisfy the conditions of Theorem 1, let Γ˜ be a family of curves in D, and let Γ˜∗ = f(Γ˜). We show that γ(s∗)
is absolutely continuous for almost all curves γ∗ ∈ Γ˜∗ such that f ◦ γ = γ∗. Without loss of generality, we can
assume that Γ˜ ⊂ U ′, where U ′  D. Let γ∗ ∈ Γ˜∗ and let I be the segment that is the domain of definition
of the parameter s∗. We show that, for almost all curves γ∗ ∈ Γ˜∗, the curve γ is rectifiable on I \ γ(Bf ),
where f ◦ γ = γ∗ and γ(Bf ) = {s∗ : γ(s∗) ∈ Bf}. We cover the set U ′ \ Bf by a countable system of
neighborhoods {Ul} such that the mapping fl = f |Ul is homeomorphic in each of them. Let hl = f−1l and
γ∗ ∈ Γ˜∗. Since either KO(x, f) ∈ Ln−1loc or KI(x, f) ∈ L1loc, we conclude that hl = (hl1, . . . , hln) ∈ W 1,nloc (see
Theorem 6.1 in [4] and Corollary 2.3 in [3], respectively), and, hence, hl is absolutely continuous for almost all
curves γ∗ ∈ Γ˜∗ (see Sec. 28.2 in [10]). Note that if γ(s∗) ∈ Ul ∩ Uj , then hl (γ∗(s∗)) = hj (γ∗(s∗)) . Since the
curve is parametrized by the parameter s∗, we can define a mapping g : γ∗|I\γ(Bf ) → Rn such that if γ(s∗) ∈ Uk,
then g(γ∗(s∗)) = hk (γ∗(s∗)). According to Theorem 4 in [9, p. 331], every homeomorphism of the class W 1,nloc is
differentiable almost everywhere, and, hence, hl is differentiable almost everywhere in fl(D). Let B∗ be the set
where the total differential hl does not exist for at least one l. Then B∗ is a Borel set and |B∗| = 0. According
to Theorem 33.1 in [10], we have l (γ∗ ∩B∗) = 0 for almost all curves γ∗ ∈ Γ˜∗. Therefore, γ′(s∗) exists for
almost all s∗ and almost all curves γ∗ = f ◦ γ ∈ Γ˜∗. We set
∂gl
∂yj
(s∗) =
∂hkl
∂yj
(γ∗(s∗)).
We have
S (γ, I \ γ(Bf )) =
∫
I\γ(Bf )
|γ′| ds∗ ≤
∫
I\γ(Bf )

∑
l,j
(
∂gl
∂yj
)2
1/2
ds∗
1156 E. A. SEVOST’YANOV
for almost all curves γ∗ = f ◦ γ ∈ Γ˜∗. Since hl ∈ W 1,nloc and |U ′| < ∞, we get
∫
I\γ(Bf )

∑
l,j
(
∂gl
∂yj
)2
1/2
ds∗ < ∞
for almost all curves γ∗ = f ◦γ. Therefore, for almost all curves γ∗ ∈ Γ˜∗, the curve γ is rectifiable on I \γ(Bf ).
Moreover, S(γ,C) = 0 for almost all γ∗ for every set C, C ⊂ I \ γ(Bf ), such that mes1(C) = 0. Indeed,
S(γ,C) =
∫
C
|γ′| ds∗ = 0
for almost all γ∗ = f ◦ γ ∈ Γ˜∗. Let Bl be the set of branch points x such that i(x, f) = l and γ(Bl) =
{s∗ : γ(s∗) ∈ Bl} . We show that, for almost all curves γ∗, the curve γ(s∗) is rectifiable on I \
⋃
k>l
γ(Bk) and
S(γ,C) = 0 for any set C such that mes1(C) = 0 and C ⊂ I \
⋃
k>l
γ(Bk). We prove this by induction on l. For
l = 1, the statement is proved. Assuming that it is true for l = j − 1, we show that it is also true for l = j. By
assumption, we have |Bf | = 0. Therefore, by virtue of the (N)-property, we also have |f(Bf )| = 0. According
to Theorem 33.1 in [10], we get mes1(γ(Bf )) = l(γ∗ ∩ f(Bf )) = 0 for almost all curves γ∗ ∈ Γ˜∗ and all curves
γ such that γ∗ = f ◦ γ. Therefore, without loss of generality, we can assume that mes1(γ(Bf )) = 0. We cover
Bj by a countable system of normal domains {Ul} such that µ (f, Ul) = j, where
µ (f, Ul) =
∑
xl∈Ul
i(xl, f).
According to Proposition 5, the mapping gl = g |f(Ul) is absolutely continuous on almost all curves from U∗l =
f(Ul) (see Sec. 28.2 in [10]). Note that, for γ∗(s∗) ∈ f (Bj ∩ Ul) , we have gl (γ∗(s∗)) = γ(s∗). According
to Proposition 4, g−1l γ∗ consists of at most countably many curves {γl} in Ul, and, furthermore, they coincide
with γ at the points of Bf . Successively applying Proposition 1 to each curve of this type and to the curve γ and
taking into account the absolute continuity of gl, we establish that S (γ, γ (Bj ∩ Ul)) = 0 for almost all curves
γ∗ such that γ∗ = f ◦ γ. Performing the summation over all neighborhoods Ul, we obtain S(γ, γ(Bj)) = 0 for
almost all curves γ∗ such that γ∗ = f ◦ γ. Setting
B :=
⋃
k>j
γ(Bk) and E := γ(Bj)
in Proposition 2 and using the induction hypothesis, we verify that the curve γ is rectifiable on I \ ⋃
k>j
γ(Bk) and
S(γ,C) = 0 for C ⊂ I \ ⋃
k>j
γ(Bk), mes1(C) = 0. Since U ′ is a compact set, there exists M ∈ N such that
i(x, f) ≤ M. By virtue of the results proved above, we have
S
(
γ,
M⋃
j=2
γ(Bj)
)
= 0
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for almost all curves γ∗ such that γ∗ = f ◦ γ. By virtue of Proposition 3, we can conclude that the curve γ(s∗)
is absolutely continuous and rectifiable for almost all curves γ∗ ∈ Γ˜∗.
Step 3. According to Corollary 3.14 in [2], since f is differentiable almost everywhere and possesses the
(N)- and (N−1)-properties, f is a mapping with finite metric distortion. Furthermore, since f ∈ ACP∩ACP−1,
it is also a mapping with finite length distortion (see Proposition 4.3 in [2]).
The theorem is proved.
Corollary 1. Let f : D → Rn be a mapping of the class W 1,nloc such that KO(x, f) ∈ Lploc for a certain
p > n− 1 and |Bf | = 0. Then f is a mapping with finite length distortion.
Proof. The proof follows directly from the statement that, under the indicated conditions, the mapping f is
open and discrete (see [6, 7] and Theorem 1).
Corollary 2. Let f : D → Rn be an open discrete mapping of the class W 1,nloc for which either KO(x, f) ∈
Ln−1loc or KI(x, f) ∈ L1loc and |Bf | = 0. Then f is a Q-mapping with Q = KI(x, f).
Proof. The proof follows directly from Theorem 6.10 in [2] and Theorem 1.
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